Remote state preparation is generation of a desired state by a remote observer. In spite of causality, it is well known, according to the Reeh-Schlieder theorem, that it is possible for relativistic quantum field theories, and a "physical" process achieving this task, involving superoscillatory functions, has recently been introduced. In this work we deal with non-relativistic fields, and show that remote state preparation is also possible for them, hence generalizing the Reeh-Schlieder theorem.
Remote State Preparation (RSP) [1] [2] [3] is a generation of a desired state by a remote observer, who merely acts locally on his own distant system. Such a process is considered successful, if the remote observer is able to make sure that for particular choices of a measurement and its outcome the remote system is in the desired state. Although the success probability might be, in general, small for a single run of the process, it is required that for events with a successful measurement result, the remote state will be arbitrarily close to the desired one (i.e., with fidelity arbitrarily close to 1).
A causal theory is a theory with a maximal velocity c, due to which information cannot be transported instantaneously across a distance R, but rather at some finite time T ≥ R/c. In particular, causality is an important property of relativistic systems, and in particular of relativistic quantum field theories (which are usually referred to only as 'quantum field theories' -QFTs). As the standard model of high energy physics is a quantum field theory, the importance of causality in our universe and the physical theories describing its behavior could not be overestimated; However, when one wishes to relate relativistic theories, and in particular QFTs, with RSP, an important question arises: aren't we bound to neglect the concept of RSP, due to the fact that we deal with causal theories? Surprisingly or not, according to an important theorem established long ago by Reeh and Schlieder [4] [5] [6] in the context of algebraic quantum field theory (AQFT), RSP is possible in relativistic quantum fields. According to the theorem, the action of a field operator, or a polynomial of it, on the vacuum is dense in the Hilbert space -i.e., allowing to generate states which are arbitrarily close to any desired state in the Hilbert space, regardless of its location in configuration space. Recently [7] , a physical process resulting with RSP of any desired state was presented, suggesting a "physical" way to derive the theorem (rather than AQFT): a prescription for the remote preparation of a desired state was given, rather than a general proof of its existence. This prescription is based on superoscillatory functions, suggesting a deep relation between the task of RSP in QFTs and the mathematical phenomenon of superoscillations [8, 9] . As the fields are relativistic, it is clear that the resource which allows for such a task is entanglement [10, 11] . For other quantum fields, which, in general, do not posses an entangled vacuum state, it remains unclear whether such a task is could be accomplished.
One might ask then what is the case for nonrelativistic fields. On one hand, these may be noncausal, and hence one shall not be surprised of noncausal effects such as remote state preparation. On the other hand, how can one be sure that this still allows to remotely prepare any state? In this work we show that this task is possible for a very large class of quantum field theories which satisfy some reasonable physical assumptions. It turns out that RSP is possible, even for fields with a non-entangled vacuum and a bounded group velocity. Thus, this work can be viewed as a generalization of the ReehSchlieder theorem to general quantum fields.
First, we shall formulate the physical problem we address. Then we shall describe the process of the remote state preparation, and argue when superoscillations are required for a successful result. Finally, we shall make the connection to the Reeh-Schlieder theorem and argue that the processes described hereby serves as a generalization of it.
Statement of the problem. Consider a quantum field theory in d + 1 dimensions, whose action is invariant under translations and rotations (reflections for d = 1), but unnecessarily under boosts. The dispersion relation of such a theory, due to the rotational invariance, satisfies
with k = |k|. Due to the translational invariance, the eigenfunctions take the form f k (x, t) = h (ω) e i(k·x−ωt) and thus the field operator may be expanded as
using annihilation and creation operators, satisfying the canonical commutation relation a k , a †
. We also assume that h (ω k ) is a real function -otherwise, its phase may always be absorbed in the creation and annihilation operators.
The field operator (2) is the solution of the Heisenberg equation of motion of the field hamiltonian H 0 . For our purposes, we couple the field to a detector -a two level system, located in x = x 0 , described by the Hamiltonian
The interaction between the field and the detector is given by
and is only on for a finite period of time -ǫ (t) 0 only for t ∈ [−t 0 , 0]. We assume that in t ≤ −t 0 the field is in its vacuum state, and the detector -in its ground state, |↓ . Assuming that λ is very small and that ǫ (t) is O (1), one may calculate the state in t = 0, after the interaction, using first order interaction picture. There, H int = λǫ (t) σ + e iΩt φ (x 0 , t) + h.c., and thus the detector-field state after the interaction is given by |Φ, d = |0, ↓ − iλ
Post-selecting the spin in the excited state |↑ , one obtains the (normalized) field state
. Every single excitation of the field may be written as
where
We wish to choose a window function ǫ (t), such that the state |Ψ will be created as a result of the interaction. Thus, we demand that | Ψ|Φ | = 1. This is satisfied if we choosẽ
where 'des' stands for 'desired'; i.e., the Fourier transform of the desired window function is equal to the one of F (x). The spherical symmetry restricts us to the creation of states which are symmetric around the detector. Thus, F (x) = F (r), where r ≡ |x − x 0 |; WLOG, we assume next that x 0 = 0. In this case, the integration reduces tõ
After performing the angular integrals
(for derivation see [12] ) and
This equation can be satisfied if and only if ω k = ω (k) is bijective. As r increases, the oscillations of the Bessel function (in k space) become faster, henceǫ des (ω k + Ω) obtains larger and larger Fourier components. At some point, say r ≥ r 0 , the functionǫ des (ω k + Ω) begins to have significant Fourier components which oscillate (in frequency space) faster than t 0 (below we show that r 0 is related to the minimal group velocity of the theory). Since ǫ (t) is nonvanishing only within [−t 0 , 0], the standard frequency-time relations of Fourier transforms suggest that the above relation could not be satisfied for r ≥ r 0 . It turns out that this problem can be circumvented using a superoscillatoryǫ (ω k + Ω). Superoscillations. Superoscillatory functions are functions that oscillate faster than their fastest Fourier component [8, 9] . This is due to a destructive interference, and thus they are always accompanied by exponentially larger amplitudes somewhere outside the so-called superoscillatory region. In our implementation, we would have to place the exponentially larger amplitudes in a non-physical domain ofǫ. Another difficulty regarding superoscillations is that these functions can superoscillate in an arbitrarily large (but not infinite) domain. Therefore, there must also be a physical non-superoscillatory domain. In our implementation, we shall choose a superoscillatory function that will not be exponentially amplified in this non-superoscillatory domain. Then, we would have to find a way to eliminate the contribution of the functions in this domain.
Before we proceed, we note that if one manages to find superoscillatory functionsǫ [h] which oscillate like exp (iωt ′ ) for an arbitrarily large t ′ > 0 and arbitrarily small t ′ < −t 0 , it would be possible to use them (combined with regular oscillating functions having −t 0 < t ′ < 0) in order to assemble the desired function by a Fourier transform. The Fourier transform of the desired function does not necessarily have a compact temporal support; however, an approximated Fourier transform, truncated at an arbitrary large t ′ , will suffice. We shall now proceed by finding such functions. Consider the following function [7, 13, 14] :
where D, δ and A are some constants, and ω ′ ≡ ω + Ω − ω 0 for some ω 0 . Since t = t 0 (cos α − 1) /2, the function ǫ
[h] (t) has support only in [−t 0 , 0]. Nevertheless, we shall now prove thatǫ [h] (ω ′ ) oscillates in ω space arbitrarily fast. Performing the integration explicitly we obtaiñ
For ω ′ > 0, using the asymptotic form of the Bessel function for δ ≪ 1 [15] we get
We wish this function to superoscillate in ω ′ ∈ [0, ω c ] for an arbitrary ω c . Taking
in this domain. Redefiningǫ [h] (ω ′ ) to be the summation of two such functions, one having δ −2 = 2πm + π/4, and the other D → ±iD and δ −2 = 2πm − π/4, where m ≫ 1, we get
This function oscillates in ω space at "frequency"
. By increasing A we can set these oscillations to be arbitrarily fast. The superoscillatory domain is finite, therefore the condition described in Eq. (7) cannot be exactly satisfied. However, one can get arbitrarily close to satisfying this condition by increasing the superoscillatory domain. This is achieved by decreasing δ. Superoscillations come at the price of an exponential growth outside the superoscillatory domain. In our case the growth occurs at ω ′ < 0. For fields whose energy is bounded from below, we choose ω 0 such that ω ≥ ω 0 , therefore ω ′ < 0 corresponds to ω + Ω < ω 0 , which is in the nonphysical domain. Beyond the superoscillatory domain, the function gradually obtains regular (slower) oscillations, and in the limit ω ′ ≫ ω c , it behaves like ω ′−1/2 sin (ω ′ t 0 ). Since beyond ω c the actual window function might be very different from the desired window function, it would be useful to zeroǫ (ω ′ ) in this domain. This can be achieved by setting
where h (τ) is differentiable n times, and has a temporal support only in a very small segment in the order of τ ∈ −ω −1 c , ω
Since h (τ) is differentiable at least n times, h (ω ′ ) will decay (at least) like ω ′−(n+1/2) beyond ω c , and since it has a temporal support only in the segment −ω c ≪ t 0 ). Due to the convolution, the contribution from this domain decays fast beyond ω c , and it can be arranged to be arbitrarily small.
We can use a combination of such superoscillatory functions, each with a different t ′ , in order to generate the window functionǫ
In the limits T → ∞ and δ → 0 we getǫ
(This is while the actual window function, ǫ (t), and the desired window function, ǫ des (t), are very different: ǫ (t) has temporal support only in [−t 0 , 0], while ǫ des (t) might have an arbitrarily large temporal support.) Therefore, we can generate remote spherical symmetrical one-particle field states around the spin, up to an arbitrarily small infidelity. The generalization to arbitrary field states is achieved using the same method introduced for relativistic field states [7] . Here we only note that the generalization to one-particle states which are not spherical symmetrical involves an array of spins (located at different positions in an arbitrarily small region) rather than a single spin, and the generalization to many-particle states involves a set of such arrays.
It is shown in [7] that the exponentially small amplitude ofǫ (ω ′ ) in the superoscillatory domain results in a success probability of the form P ∼ exp(−
). The finiteness of the superoscillatory domain is responsible for an infidelity,
SinceF (k) is normalizable, in the limit ω c → ∞ one obtains η → 0. Inverting the latter functional relation to ω c = ω c (η) ≡ 1/g(η), and expressing T as a functional of the desired state |Ψ , we get the relation
WhenF (k) decays with a power law, g (η) behaves according to a power law as well, and whenF (k) decays exponentially (7) and expressing the r.h.s as a Fourier transform of a temporal function [24] .
When are superoscillations required? In order to understand that, let us first consider a very simple, nonsuperoscillatory, window function, ǫ (t) = δ (t + t 0 ) -a short and impulsive interaction, for a quantum field theory in 1 + 1 dimensions. Assuming the detector is in the origin, the generated state of the field, after the detector's post-selection, will be
Both terms represent wave packets propagating out of the detector: one is left-moving and the other is right-moving. Each wave with k, ω reaches at t 0 distance
(the minimal r 0 (ω) is the r 0 mentioned above in the simple case of 1 + 1 dimensions and a specific desired state). Thus, only waves with frequencies satisfying v g (ω) t 0 ≥ L propagate fast enough to arrive to ±L without superoscillations. In relativistic theories, as well as other theories in which the group velocity is bounded from above, one can always find L such that all frequencies would require superoscillations, while in theories in which the group velocity is unbounded from above, for every arbitrary L , some frequencies will not require superoscillations. The above case deals only with waves which are outgoing from the detector. However, one may also consider the case of ingoing wave packets -for example, if one wishes to generate the field state
which contains both ingoing and outgoing wavepackets. The ingoing waves require v g (ω) < 0 for k ≥ 0, which is impossible, and thus superoscillations are also required for this case.
For general desired states, L is roughly the separation between the operating region and the farthest place in the target region. Note that the same description holds for higher dimensions; in these cases (when using a single detector) the resulting state is spherical symmetrical. While every single point on the sphere generates waves which propagate in all directions, the spherical symmetrical state as a whole generates waves which propagate only in the ±r directions due to the Huygens principle. Thus, superoscillations are required for the generation of wavepackets which propagate faster than the (slowest) group velocity, or inwards, into the interaction region.
A Generalized Reeh-Schlieder Theorem. It is now the right time to recall a long-standing, possibly surprising result of AQFT -the Reeh-Schlieder theorem [4] [5] [6] . According to this theorem, the set of Hilbert space vectors |ψ ∈ H generated from the vacuum (or any other bounded state with a bounded energy [6] ) of a relativistic QFT by operating with polynomials of the field operators in any open region is dense in H. In other words, by applying certain local operators to the vacuum state in a certain region O 1 , one is able to generate, with nonzero success probability, a state of the field localized at some remote region(s) {O k } k≥2 , arbitrarily close to some desired state. The {O k } k≥2 regions may remain, throughout the process, outside the lightcone of O 1 , and thus this outcome must be the result of a pre-existing vacuum correlations (the theorem entails a violation of Bell inequalities as well [16, 17] ). Consider, as an example, a relativistic scalar field φ with mass m. There, for |x − x ′ | 2 ≫ m −2 , one obtains the equal-time correlation function
-the correlations do not vanish even between spacelike separated regions [18] . In this paper, we have shown that RSP is theoretically possible for general quantum fields, including non relativistic ones. Thus, this may be regarded as a generalization of the ReehSchlieder theorem. Note that while the Reeh-Schlieder theorem does not involve time dependence (as one would expect in a relativistic context), our implementation does. In relativistic theories, adding time dependence is meaningless, as for any two spacelike separated points in spacetime, x µ = (t, x) and x ′µ = (t ′ , x ′ ), there is a reference frame (connected by a Lorentz transformation), in which t = t ′ and x x ′ . Thus, if we define ∆x µ ≡ x µ − x ′µ , and
In the other extreme case of fields which do not possess any correlations at all -i.e., fields for which
the time dependence is crucial, because correlations are generated in time. For example, the Schrödinger field satisfies
and thus, without the time dependence, the overlap between the generated state and the desired state is zero and RSP is not possible. Therefore, one can deduce that RSP is possible only when
for every x, x' and t t ′ . It means that for every quantum field (in which RSP is possible) either there exist correlations in t = t ′ and/or that some components of the quantum field propagate infinitely fast, i.e., the front velocity is infinite. This is yet another formulation of a result discovered in [19, 20] and widely discussed in [21, 22] . In the first scenario, our mechanism uses vacuum correlations as a 'resource' for RSP, while in the second scenario the 'resource' is the infinite front velocity. Remarkably, in both cases the (gedanken) prescription for RSP is the same.
In both scenarios, as correlations exist for every x, x ′ pair, superoscillations should not be interpreted as the generators of overlap between the initial state and a desired, remote one. Superoscillations should be rather understood as cancellations of the correlation of the initial state with any other one, except for with the desired state.
Since remote preparation of field states can be used to generate entanglement between distant observers, this result implies that every quantum field which satisfies the following properties: a. invariance under rotations and translation; b. the energy is bounded from below; c. the dispersion relation is bijective; d. the front velocity is bounded from above -possesses a vacuum state which violates Bell's inequalities.
In this paper, we have discussed remote state preparation for non-relativistic fields, and argued that it is possible. This was explicitly shown using a "physical" process involving superoscillatory functions. The result may serve as a generalization of the Reeh-Schlieder theorem for non-relativistic quantum field theories.
